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1. (@)
(b)

(i)

(i)

(iii)

Show that the equation
X2 +3x—7=0
has a real root in the interval [1,2].
(2 marks)

Show that the following three iterative methods are valid
rearrangements of the above equation, and by considering the
convergence criteria for each method, using an initial estimate of
the root of Xy = 1.2, state which would be the best method to
use.

Method 1 Xiz1 = 1 — 3X;

Method 2 Xijt1 = %(7 — XIZ)
R
Method 3 Xjt1 = X +3
(11 marks)
Write down the first six iterates obtained by using this method.
(4 marks)
Show that Aitken’s A2 process may be written as
) . AXn
X|mp —Xn+ 1—C|_
where C|_is the linear convergence coefficient.
(8 marks)
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2. (@)
(b)
©)

Show that the rate of convergence of the Newton-Raphson method

f(x
Xn+1 =Xn — f,((Xnn))

for obtaining a root of f(x) = 0 is quadratic provided that the root is not
multiple.

(12 marks)

The function f(x) =x%—11x—5 has a simple root close to x = 2.
Use the Newton-Raphson method to find this root correct to four
decimal places.

(6 marks)

The modified Newton-Raphson method for multiple roots is

mf (X
Xn+l =Xn — f/((Xnn))

where m is the multiplicity of the root.
Show that this method converges directly to the exact triple root of
x3 —12x2 +48x-64=0
and write down the value of the triple root.
(7 marks)
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3. (@)
(b)
()

Write down the second order Lagrange interpolating polynomial.

(2 marks)

k
The integral, | _ f sin(x)e X’ dx » cannot be evaluated by analytical

0
methods. The following values for I(k) have been calculated to four

decimal place accuracy using a numerical method;

I(1) = 0.2947
12) = 0.4212
I(3) = 0.4244

Use Lagrange interpolation on this data to obtain an approximation for
1(2.5) working to four decimal places.

(10 marks)
Show that:

Q) only one polynomial of degree n or less passes through n+1
distinct data points (xj,yj), 1=0,1,...,n;

(7 marks)

(i)  the Lagrange interpolating polynomial pn(X) passes through the
distinct data points (xj,yj) i=0,1,...,n.

(6 marks)
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4. The Newton-Gregory forward polynomial is given by

f(xs)= D, SCra"f(xg), se€{0,1,2,..}.
r=0

(@  Use the first three terms of the Newton-Gregory forward polynomial to
derive Simpson's rule
X2

| fo0dx ~ 24 (o) + 4 (x) + Fx2))

X0

where h is the interval width.

(10 marks)
(b) () Obtain the composite form of the above quadrature formula.
(4 marks)
(i)  Use the above to evaluate
1
j e=2¢ dx
0
correct to two decimal places.
(11 marks)
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5.

The nth degree Chebyshev polynomial can be defined recursively by

Thra(X) = 2XTn(X) = Th—1(X)

with To(x) =1 and T1(x) = x.

(a)

(b)

(©)

(d)

Use this definition to find T3(x), and find the roots of T3(x) = 0.

(5 marks)
By using the substitution x = cosz, show that
T 1 o
1= [ ezoogy— [ 2 g
9 7 1-x2
(7 marks)
1 3
f&) x
Use § ﬁ dx =~ 3 2 f(Xj), where x; are the roots of T3(x) =0
— X .
-1 i=1

T
to evaluate j g=2C0SZq7,
0

(7 marks)
Show that if xm, m=1,2,...,n are the roots of Tp(X)=0then
B 2m-1)x }
Xm = Cos{—2n
(6 marks)
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6. (@  Solve the following set of equations by Gauss elimination

X+ 3y + 2z =13
2X — Yy + 4z =12
X+2y - z=4
(12 marks)
(b) () The system of equations
a11Xq + a12X2 + aizxXz = C1
dap1X1 + az2X2 + a3X3 = C2
aziXq + azpX2 + assxz = C3
may be solved using Gauss-Seidel iteration.
Write down the iterative method to find x;, i =1,2,3.
Show that a sufficient condition for convergence is given by
3
il > Y, |aij| i=1,2,3,
j=1
j#
(5 marks)

(i)  Use Gauss-Seidel iteration to solve the following equations
correct to two decimal places.

3X1 + 8o — x3 =1
9X1 — X2 — X3 =1.
—2X1 — X2 + bxg =1

(8 marks)

END OF QUESTIONS
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Trigonometric ldentities

sin26+cos20 =1 sin(A+B) =sinAcosB +sinBcosA

sec20 =1 +tan20 cos(A £ B) = cos Acos BFsinAsinB
29_ 2 an(A+p)— lanAxtanB

cosec< # =1+cot“f ( ) 1T tan Atan B

c0s260 = cos26—sin26

sin20 = 2sindcos 0 = 2cos260-1
= 1-2sin20
'« Cari _ / h2 _h™t e
Taylor's Series f(a+h)=f(a)+hf'(a) + 2|f (a)+...(n_1)|f @+...

2 n-1¢(n-1)
Maclaurin's Series  f(x) = f(0) + xf'(0) + %f”(O) bt (nf_ 1)!(0)

Root Finding

(Xn —Xn-1)?
Xn — 2Xpn—1 + Xp—2

Aitken's A%-process  Ximproved = Xn —

Bairstow's Method

by =a C1 =Dy

b, =ay+rb; Co = by+rcy

bi+1 = ai+1+rbi +Sbi_1 Ci = bi +ICj—1 +SCj—2
[ =2,3,..,Nn i =3,4,..,n

_ bnCph1 —bni1Cno
dr = >
CnCn_2 _Cn—l

Bni1Cn-1 —bnCn

CnCn-2 —C%_1



Health & Social Sciences Formula Sheet Page 2 of 3
Mathematics Pathway

Semester 1 Examinations 2009/10

Numerical Analysis

MAS2504

Interpolation

N
Lagrange Interpolation Pn(X) = 2 Li(x)yj
j=0

N
X —Xj
Ii;j
Numerical Integration
Xn n-1
Trapezium Rule | fo0dx = B fox) + fxm) +2 Y )
Xo j=1
Xn 7 71
Simpson's Rule j f)dx = 3| f(xg) + f(xn) +4 D f(Xoj1)+2 Y. f(xz)
X0 =1 =1

Simpson's Three-Eighths Rule

Xn

f f(x)dx = %h[yo +3y1 +3Y2 +2y3+ ... + 2Yn-3 +3Yn2 + 3Yn_1 +Ynl

X0
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Calculus
j dx dy
y y dx
Xn+1
n+1 n+-1 xn nx1
logox  n=-1
—% COs ax sinax acosax
& sinax cosax —asinax
Llog, secax tan ax asec?ax
log, tan 5 COsecx —C0SEC X COtX
log,[secx +tanx] Secx secxtanx
log, sinx cotx —cosec? X
xlog.x —x log.x ¥
Je Je X
l ax ax ax
5e e ae
a* a* a>0 a*log.x
log.a €
coshx sinh x coshx
sinh x coshx sinh x
sin~1x —1
(1-x2)
tan—1x 1
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